In this paper, we test the self-consistencies of the standard and the covariant light-front quark model and study the zero-mode issue via the decay constants of pseudoscalar (P ), vector (V ) and axial-vector (A) mesons, as well as the P → P weak transition form factors. With the traditional type-I correspondence between the manifestly covariant and the light-front approach, the resulting f V as well as f1 A and f3 A obtained with the λ = 0 and λ = ± polarization states are different from each other, which presents a challenge to the self-consistency of the covariant light-front quark model. However, such a self-consistency problem can be "resolved" within the type-II scheme, which requires an additional replacement M → M 0 relative to the type-I case. Moreover, the replacement M → M 0 is also essential for the self-consistency of the standard light-front quark model.
CLF receives an additional contribution characterized by the coefficient B (2) 1 , which provides about 10% correction to f V numerically [33] . This inconsistency can be easily found from the formulas and numerical results given, for instance, in Refs. [28, 33] .
A possible resolution to the "[f V ] CLF inconsistency puzzle" exhibited by Eq. (1) has been discussed in Ref. [39] by modifying the correspondence between the manifestly covariant BS approach and the LF quark model. Traditionally, the LF covariant vertex function χ V and the factor D V,con = M + m 1 + m 2 appearing in the vertex operator are replaced by the wave function (WF) ψ V and the factor D V,LF = M 0 + m 1 + m 2 , respectively, via [39] 
where M 0 is the kinetic invariant mass of the vector meson, andM 0 ≡ M 2 0 − (m 1 − m 2 ) 2 . The type-I correspondence has been widely used to connect the two different approaches in most of previous works 1 , claiming that some results obtained in the SLF quark model, such as [f V ] SLF , are not trustworthy due to the lack of zero-mode contributions [33, 34] . However, this correspondence would result in the inconsistency problem demonstrated by Eq. (1).
The correspondence between χ and ψ in Eq. (2) has been derived by matching the CLF expressions to the SLF ones for some quantities that are free of the zero-mode effects, such as the pseudoscalar meson decay constant f P and the weak transition form factor f P →P + (q 2 ) [28, 34, 46] .
However, the validity of the replacement D V,con → D V, LF has not yet been clarified explicitly in the same framework. This motivates Choi and Ji [39] λ=± CLF , rather than only in the D factor. As a result, the correspondence given by Eq. (2) should be generalized to [39] 
It is interesting to note that, under this scheme for the replacements, one gets numerically [39] [
which implies that the "[f V ] CLF inconsistency puzzle" can be "resolved" and, moreover, a valid connection is established between the CLF and the SLF quark model. 1 In some literatures (see, for instance, Refs. [28, 33, 34] ), the convention for the vertex function h V = χ VNV ,
, is used instead.
From the above observations, one may conclude that the type-II correspondence specified by Eq. (3) might provide a self-consistent scheme in connecting the manifestly covariant and the LF approach. However, before making such a solid conclusion, it is necessary to further test such an interesting scheme via other quantities in addition to f V , such as the decay constants of axial-vector mesons λ=± SLF , are consistent with each other. In this paper, besides the issues mentioned above, we shall also investigate the covariance of the CLF quark model, which in fact is possibly violated when the LF vertex function is used [28] .
Our paper is organized as follows. In Sec. 2, we recapitulate the SLF and CLF quark models. In Sec. 3, our theoretical results are presented for the decay constants of pseudoscalar, vector and axial-vector mesons, as well as the P → P weak transition form factors; the selfconsistencies, the zero-mode contributions, as well as the covariance of the LF quark models are also discussed in detail. Finally, our conclusions are made in Sec. 4.
THEORETICAL FRAMEWORK

SLF quark model
In this subsection, we give a brief overview of the SLF approach for calculating the current matrix elements, details of which could be found, for instance, in Refs. [3, 4, 8] .
For a meson bound-state with total momentum p and consisting of a quark q 1 with mass m 1 and an antiquarkq 2 with mass m 2 , we can represent the momenta of q 1 andq 2 in terms of the LF relative momentum variables (x, k ⊥ ) as
wherex = 1 − x, k ⊥ = (k x , k y ), and p ⊥ = (p x , p y ). One can take p ⊥ = 0 when assuming that the meson moves along the z axis. In the LF formalism, such a meson bound-state can be expanded, in the leading Fock-state approximation, as
where h 1(2) denotes the helicity of the (anti)quark, Ψ h 1 ,h 2 (k + , k ⊥ ) is the momentum-space WF, and the one-particle states |q 1 and |q 2 are defined by |q 1 = 2k
respectively. The particle creation and annihilation operators satisfy the equal-LF-time anticommutation relations
The momentum-space WF in Eq. (7) satisfies the normalization condition
and can be expressed as [3] 
where the radial WF ψ(x, k ⊥ ) describes the momentum distributions of the constituent quarks in the bound-state, and the spin-orbital one S h 1 ,h 2 (x, k ⊥ ) constructs a state with definite spin (S, S z ) out of the LF helicity eigenstates (h 1 , h 2 ) 2 . For the former, we shall adopt the Gaussiantype WFs [66] 
2 It should be noted that no state with a fixed number of constituents can be an eigenstate of the angular momentum operator J 2 , because J 2 is interaction-dependent on the LF and not diagonal in particle number.
For now, there is not a practical way to construct an eigenstate of J 2 purely in the LF dynamics without any approximation. As illustrated in Ref. [64] , the WF for a q 1q2 bound-state can be chosen to be a simultaneous eigenfunction of the mass operatorM 2 and the angular momentum operatorsĴ 2 andĴ 3 , only when the angular condition (Eq. (2.20) in Ref. [64] ) is satisfied. However, in order to satisfy this condition, the interaction part of the mass operatorM 2 must be a function of scalar products of momenta, relative angular momentum and spin operators, but otherwise is not restricted at all. For more details, the readers are referred to Refs. [1, 3, 64, 65] .
where β is the variational parameter and can be determined, for example, from the meson spectroscopy, while k z is the relative momentum in the z-direction and takes the form
with the kinetic invariant mass squared given by
The spin-orbital WF S h 1 ,h 2 (x, k ⊥ ) can be obtained from the ordinary equal-time static one with assigned quantum number J P C through the interaction-independent Melosh transformation [3, 65] . It is more convenient to use the covariant form, which, after applying the equations of motion on spinors, can be written explicitly as [4, 21, 34, 67 ]
withM 0 already defined below Eq. (2), and the vertex operators Γ given, respectively, as
A meson (16) where the longitudinal and transverse polarization vectors are given, respectively, bŷ
Equipped with all the formulas given above, we can now express the matrix element for a general M → 0 transition, A ≡ 0|q 2 Γq 1 |M (p) , as where
On the other hand, the matrix element for a general M → M transition, B ≡ M (p )|q 1 Γq 1 |M (p ) , can be written as
where
In practice, we usually work in the q + = 0 frame, which leads to q 2 = (p − p ) 2 = −q the incoming-quark momentum, (k + , k ⊥ ), has already been given in Eq. (5) but now with an additional superscript " ", and the outgoing-quark momentum is given by (k
in the q + = 0 frame. In addition, the kinetic invariant mass of the outgoing meson takes the form
wherek ⊥ ≡ k ⊥ −xq ⊥ . We shall use the formulas for the matrix elements A, Eqs. (19) , and B, Eq. (20) , to extract the decay constant and weak transition form factors, respectively.
CLF quark model
In contrast to the SLF approach, the CLF quark model provides a systematical way of dealing with the zero-mode contribution, and a physical quantity can be calculated in terms of Feynman momentum loop-integrals that are manifestly covariant. In this paper, we shall employ the same formalism proposed by Jaus [28] , Choi and Ji [29] , as well as Cheng et al. [34] .
The Feynman diagrams for the matrix elements A and B are shown in Fig. 1(a) and Fig. 1(b) , respectively. From these one-loop diagrams and using the Feynman rules for the meson-quarkantiquark vertices given in Refs. [28, 34] , we can write A and B, respectively, as
, and H M,M ,M are the bound-state vertex functions. The trace terms S A and S B associated with the fermion loops are given, respectively, by
with explicit forms of the vertex operators Γ
for different types of mesons listed as [34] 
Integrating out the minus component of the loop momentum, one goes from the covariant calculation to the LF one. Assuming that H M,M ,M are analytic within the contour and closing the contour in the upper complex k − (k − ) plane, one picks up a residue at k , corresponding to putting the spectator antiquark on its mass shell. This manipulation forces us to make the following replacements in Eqs. (22) and (23) [28, 34] :
and
together with similar replacements for χ M and χ M as for χ M . Explicit forms of the factors
A and
3
A mesons have already been given by Eq. (16) , and the LF forms of the vertex functions h M for these types of mesons are given, respectively, as [34] 
It is noted that Eq. (28) with h V /N 1 given by Eq. (29) is exactly the same as Eq. (2) 
For simplicity, our following derivation and theoretical results are given only with the traditional type-I correspondence unless otherwise specified. 
As noted already in Refs. [28, 34] , the LF matrix elementsÂ andB obtained in this way receive additional spurious contributions proportional to the lightlike four-vector ω µ = (0, 2, 0 ⊥ ), which can however be eliminated after including the zero-mode contributions. As shown in Ref. [28] , the inclusion of zero-mode contributions to the matrix elements in practice amounts to some proper replacements inŜ A ,B under the integration. Specifying to the quantities considered in this paper, we need [28, 34] 
1 ,
forÂ, andk
forB, where P = p + p , and the coefficients A
1,2 , A
1 and B
1 are given, respectively, by [28] A
It should be noted that, although the coefficient B
does not vanish and is combined with ω µ , there is no zero-mode contribution associated with B Using the formulas given above, one can then obtain the full results forÂ andB in the CLF quark model, and further extract the physical quantities like the decay constants and transition form factors. Explicitly, for a given quantity Q, its full result (Q full ) can be expressed as a sum of the valence (Q val. ) and the zero-mode (Q z.m. ) contribution [39] : given byk
The resulting [f V ] val. obtained in this way is exactly the same as that obtained by Choi and
Ji [39] , which will be clearly seen in the next section.
3 Results and discussions
Decay constants of P and V mesons
The decay constants of P and V mesons are defined, respectively, by
For the P meson, with the theoretical formulas given in the last section, the resulting f P in the SLF and CLF quark models are given, respectively, as
which agree with the ones obtained in the previous works, for instance, Refs. [6, 28, 34, 39] .
implies that f P is free of the zero-mode contribution. This is also the reason why one usually uses f P to determine the LF vertex function, h P or χ P . Finally, it can be easily found that the SLF and CLF results for f P are also consistent with each other,
under both the type-I and the type-II correspondence.
Before proceeding to discuss f V , we firstly determine the Gaussian parameter β appearing in Eqs. (11) and (12), which is the key input for the LF quark models. Thanks to the selfconsistencies of the LF quark models for and the available precision data on f P , we shall perform Table 2 , from which one can see that these values are generally in agreement with that obtained by the variational principle [74] , and will be therefore used in our following numerical calculations. In addition,
we assume that the parameter β is universal for a given (q 1q2 ) bound-state system.
For the V meson, taking the λ = 0 and λ = ± polarization states, respectively 5 , we obtain
4 The lattice QCD (LQCD) results for f ηs,η b and f Bs,Bc are used in the fits because of the lack of the corresponding experimental data. 5 Because of the same reason as in the case of f P , the component µ = + (µ = ⊥) has to be taken for
SLF ,val. , as well as the decay constants of λ=± SLF is always ignored in previous works due to the traditional bias that µ = ⊥ is not a "good" component as is µ = +.
By employing the CLF approach, on the other hand, we obtain
Our CLF results given above agree with the ones obtained in the previous works; for instance, Eqs. (46) and (47) have been obtained in Ref. [33] and Refs. [28, 34] , respectively, while Eqs. (48) and (49) have been given in Ref. [39] . In order to clearly separate the contributions related to the coefficient B
A. Specifying to the vector meson, from Eqs. (46) and (47), we obtain
1 .
Similarly, in order to discuss the difference between
For convenience of analyses and discussions about the relations among the decay constants given by Eqs. (44)- (49), we take the ρ and D * mesons as examples, and present our numerical results in Table 3 by using the best-fit values of inputs given in Table 2 . In addition, we show in Fig. 2 the dependence of ∆
) on the momentum fraction x. Based on these numerical results and the theoretical formulas given above, the following discussions and findings can be made 6 : [
[ 
[ • As pointed out by Cheng et al. in Ref. [34] , the CLF results for f V extracted via the λ = 0 and λ = ± polarization states are different from each other due to the additional
full characterized by the coefficient B
1 , which can be clearly seen from Eqs. (46) and (47) . Numerically, it is found from Figs. 2(a,b) and Table 3 . As a consequence, we find that
where the symbol "=" used throughout this paper denotes that the two quantities are equal to each other only numerically but not formally. This confirms the findings of Ref. [39] and implies that the type-II correspondence might be a self-consistency scheme for the CLF approach.
• As is the case for the CLF quark model with the type-I correspondence, the traditional SLF quark model also encounters the self-consistency problem,
λ=± SLF , which can be easily found by comparing Eqs. (44) with (45) . Inspired by the self-consistent results achieved by the type-II replacements in the CLF quark model, we now test whether Table 3 , it can be seen that
λ=± SLF in the traditional SLF quark model (type-I), while, after making the
because dx∆ V SLF = 0. This implies that the replacement M → M 0 is also required by the self-consistency of the SLF quark model.
• Comparing Eqs. (44) and (45) with Eqs. (48) and (49), we do not find any relations
within the type-I scheme; however, employing the type-II scheme and making some simplifications on these formulas, we find surprisingly that the SLF results are exactly the same as the valence contributions in the CLF approach,
which can also been seen from the numerical results given in Table 3 .
• 
which have also been demonstrated by the numerical results given in Table 3 .
Combining all the findings given above, we can finally conclude that
within the type-II scheme, in which [
λ=± full reflect the selfconsistencies of SLF and CLF quark models, respectively. However, none of these relations holds within the type-I scheme. Finally, using the inputs listed in Table 2 and employing the 
A mesons
The decay constants of axial-vector mesons are defined by
Using the theoretical formulas given in Sec. 2 and taking the λ = 0 and λ = ± polarization states respectively, we obtain the SLF results:
for the 1 A meson, and
for the 3 A meson. Employing the CLF approach, on the other hand, we obtain
for the 3 A meson. At the same time, the valence contributions in the CLF approach are given, respectively, by
for the 1 A meson, and mesons [68] . Note that all the following findings and conclusions are also applicable for the other axial-vector mesons. Numerical results for these decay constants obtained with the best-fit values of β are collected in Table 5 , and the dependences of ∆ anti-symmetric under the exchange x ↔x. On the other hand, [f1
val. is nonzero only in the type-I but vanishes numerically in the type-II scheme, which can be found from Table 5 and clearly seen from Fig. 4(d) . Thus, in our following analyses for the 1 A mesons, we shall focus mainly on the general case with m 1 = m 2 , such as the (cq) bound-states.
• Comparing Eqs. (63) with (64) 1 . Numerically, it can be found from Table 5 , Figs. 3(a,  b) and Fig. 4(a) 
λ=± full in the type-I scheme, which means that the CLF approach with the type-I correspondence also suffers the self-consistency problem when applied to f1(3) A ; in the type-II scheme, we can however obtain self-consistent results,
due to dx∆ 
within the type-II scheme, due to dx∆ 1(3) A SLF = 0, which can be seen from Table 5 , Figs. 3(c,d) and Fig. 4(b) . Thus, the above findings, Eqs. (71) and (72), reinforce our conclusion obtained in the f V case that the replacement M → M 0 is required to give self-consistent results for the decay constants in both the CLF and the SLF quark model.
• Employing the type-II scheme and then making some simplifications on Eqs. (59)- (62) and (67)- (70), we find that
and [f1(3)
which can also be seen clearly from the numerical results given in Table 5 (60) and (68)). The relations given by Eq. (73) are direct generalizations of Eq. (55) from the vector to the axial-vector mesons.
• For the 1 A meson, it can be found by comparing Eqs. (64) with (68) that val. , (type-II) (75) which can be seen from the numerical results given in Table 5 . Table 5 , we find that the zero-mode contributions
always exist formally, and do not vanish numerically in the type-I scheme.
However, in the type-II scheme, [f3 A ] λ=0 z.m. ∝ (m 1 −m 2 ) and hence vanishes for the quarkonia, which explains the red line shown in Fig. 3(e) ; moreover, the zero-mode contributions vanish numerically for the other cases shown by Figs. 3(f-h) . Therefore, we have
(type-II) (76) in which the symbol "=" in the first equation should be replaced by "=" for the quarkonia.
These relations can also be found directly from the numerical results given in Table 5 .
Combining all the above findings for the axial-vector mesons, we can extend the conclusion, Eq. (57), for the vector meson to the more general form
where Q = f V , f1 A and f3 A , and the first and the last "=" should be replaced by "=" for the 3 A (qq) and 1 A mesons, respectively. These relations reflect the self-consistencies of the SLF and CLF quark models in the type-II scheme. Finally, using the inputs listed in Table 2 and employing the self-consistent type-II scheme, we present in Table 6 our updated predictions for f1 A and f3 A in the LF approach.
Form factors in P → P weak transition
In the last two subsections, we have tested the self-consistencies of LF quark models via the mesonic decay constants, and found that both the CLF and the SLF quark model within the type-II scheme can give self-consistent results for the decay constants of vector and axial-vector
λ=± SLF . More interestingly, we have also found that the results of the SLF quark model are consistent with both the full and the valence result of the CLF quark model, i.e.,
where the second relation is due to the fact that the zero-mode contributions exist only formally but vanish numerically within the type-II scheme. It is known that, besides the decay constant, another ideal quantity for studying the zero-mode effect is the transition form factor. To this end, we shall test in this subsection whether the relations, Eq. (78), still hold for the P → P weak transition form factors.
The form factors for P → P weak transition are defined by
where q µ = p µ − p µ and P µ = p µ + p µ . In the q + = 0 frame, multiplying both sides of Eq. (79) by ω µ and q µ , respectively, one gets
where B µ denotes the l.h.s of Eq. (79) and can be calculated in the SLF and CLF approaches.
Employing the theoretical framework and formulas of the SLF quark model introduced in section 2, we finally obtain The form factor f + (q 2 ) in the SLF approach, Eq. (81), has been first obtained in Ref. [3] , while (82), is given for the first time in this paper.
In the CLF quark model, on the other hand, using the theoretical formulas given in Sec. 2,
which agree with the results given in the literatures, for instance, Refs. [28, 34] . Furthermore, for the valence contributions in the CLF quark model, we obtain
Based on the results given above, we have the following discussions and findings:
• For the vector form factor f + (q 2 ), as has already been known from the previous studies [28, 34] , it is free of the zero-mode effect, i.e., [f + (q 2 )] z.m. = 0, which can be found from Eq. (85) . Moreover, it is found that, after the replacement χ P → h P /N 1 together with 
both in the type-I and in the type-II scheme.
• For the form factor f − (q 2 ), on the other hand, one can easily
within the type-I scheme, by comparing Eqs. (86) with (82); however, taking the type-II scheme and making some further simplifications, we find that
which confirms again the first relation in Eq. (78).
• In contrast to f + (q 2 ), the form factor f − (q 2 ) obviously suffers the zero-mode effect, which can be found from Eqs. (86) and ( 
and confirms again the last relation in Eq. (78) .
Therefore, combining the above findings, we can conclude that the relations given by Eq. (78) also hold for the P → P weak transition form factors.
Covariance of CLF quark model
In the last subsections, we have discussed the self-consistencies of LF quark models in detail. In this subsection, we shall test the manifest covariance of the CLF quark model with the type-I and the type-II correspondence.
As has already been shown in Ref. [28] , a peculiar property of the LF matrix elementsÂ, Eq. (33) andB, Eq. (34) is that their dependence on the lightlike four vector ω µ = (0, 2, 0 ⊥ ), which can be explicitly revealed by their decomposition into four vectors 7 . Taking the V → 0 LF matrix element as an example, we havê
where g V is the unphysical constant related to ω µ . As ω µ is a fixed vector,Â µ V is obviously not covariant unless when g V = 0. As has been demonstrated in Ref. [28] , after the zeromode contributions are properly taken into account, the spurious ω dependence ofÂ µ V can be eliminated, and hence the final result is guaranteed to be covariant. This is an important feature of the CLF quark model.
Although the main ω dependence is associated with the C coefficients and can be totally eliminated by the zero-mode contributions [28] , there are, however, still some residual ω dependences inÂ andB due to the nonvanishing B coefficients. Therefore, the manifest covariance of the CLF results can be claimed only after these residual ω dependences are proven to be spurious too. As the zero-mode effect does not affect terms associated with the B coefficients [28] , we have to invoke a different mechanism to "neutralize" their effect. It has been found that the remaining ω dependence, although being minimal, does not totally vanish when using the light-front vertex function given by Eq. (28) (type-I) [28] , which implies that the CLF results for some quantities with the traditional type-I correspondence are not strictly covariant. Concerning the quantities discussed in this paper, we find that such an issue is mainly involved in the spin-1 systems, especially for the λ = 0 polarization state.
In order to illustrate explicitly the ω dependence and search for possible solutions, we still take the V → 0 LF matrix element as an example. After integrating out the k − component and taking into account the zero-mode contributions, we can decompose the trace termŜ A in the integrand of Eq. (33) aŝ
7 In order to treat the complete Lorentz structure of a hadronic matrix element, the authors of Refs. [87] [88] [89] [90] have developed a basically different method to identify and separate the spurious contributions and to determine the physical contributions to the hadronic form factors and coupling constants. Here we shall follow the Jaus' prescription [28] in which a manifestly covariant BS approach is used as a guide to deal with this problem.
where the first term proportional to B
1 involves the ω-dependent part, while the second term proportional to µ gives the physical contribution to f V . For the λ = ± polarization states, the first term can be dropped directly due to ω · ± = 0, and hence the ω dependence vanishes in this case. For the λ = 0 polarization state, in order to separate the physical and unphysical contributions, we use the identity [33] 
Here, the third term is equal to zero for λ = 0, and the first term gives an additional contribution to f V that results in the self-consistency problem and has been discussed in Sec. 3.1, while the second term is the residual ω-dependent part that contributes to the unphysical constant g V and may violate the Lorentz covariance. Explicitly, using Eq. (92), we obtain the unphysical constant, g V , as
Similarly, for the A mesons, we obtain
Based on the theoretical results given above, we have the following discussions and findings:
• The manifest covariance of the CLF quark model requires that
which are equivalent to the conditions that
where M = V or
A. The first equation is exactly the covariance condition presented in Ref. [28] , but has been found to be violated when the LF vertex function is used (i.e., when the type-I replacement is applied) [28] . At the same time, we find that the second condition is also violated in this scheme. But interestingly, both of them can be satisfied by taking the additional M → M 0 replacement, which implies that the covariance can be recovered within the type-II scheme. This can be clearly seen from the numerical examples shown in the next item.
From the figures for ∆ V,A
full (x) shown in the last subsections, one can easily judge whether [g V,A ] λ=0 = 0 within the type-I and the type-II scheme. Explicitly, using the results given in Tables 3 and 5 , one can also obtain the following numerical results:
which confirms the findings presented in the last item. Here, it should be emphasized that the value of [g V,A ] λ=0 within the type-I scheme is reference-frame dependent but is nonzero; while, the result [g V,A ] λ=0 = 0 within the type-II scheme is independent of the reference frame. From the above analyses and numerical results, we can conclude that the problems of self-consistency and covariance of the CLF quark model within the type-I scheme might have the same origin, and both of them can be resolved simultaneously within the type-II scheme.
• In the heavy-quark limit, M ∼ m Q mq, the momentum fractions carried by the constituents can be taken as x ∼ m Q /M andx ∼ m q /M . Keeping further in mind that the contributions to f V,A and g V,A are dominated by the momentum region |k ⊥ | 1 GeV, one can find that M 0 M would be a good approximation. Therefore, in the heavy-quark limit, the covariance of CLF results within the type-I scheme can be recovered, which has been found in Ref. [28] , and moreover, the CLF results in the type-I scheme would approach to that in the type-II scheme, which could be roughly inferred by comparing the The self-consistency problem of the CLF quark model is also correlated with the ambiguous decomposition of the hadronic matrix element. For the λ = ± polarization states, instead of using ω · ± = 0, one can also decompose the first term of Eq. (91) by using Eq. (92) in the same manner as for the λ = 0 mode. In this case, the self-consistency problem does not appear, but at the expense of introducing more unphysical decay constants related to the second and the last term in Eq. (92). Such an ambiguous decomposition becomes trivial only when the integrals related to the B functions are zero, which can be achieved only in the type-II scheme.
From the above findings, one may find that the replacement M → M 0 in the type-II scheme plays an important role in dealing with the problems of self-consistency, strict covariance and ambiguous decomposition of the hadronic matrix element. Possible reasons underlying such a replacement have been discussed in Refs. [39, [47] [48] [49] . In the CLF quark model [28] , a manifestly covariant BS approach is used to guide the corresponding light-front calculation, but still using the same vertex functions as employed in the SLF quark model, because it is quite difficult to determine these functions by solving the QCD bound-state equation. A significant difference between the covariant BS approach and the SLF quark model is that the constituent quarks of a bound-state are allowed to be off mass-shell in the former, but must be on their respective mass-shell in the latter. In addition, the vertex operator used in the CLF quark model is in fact the Dirac structure of the spin-orbit WF in the SLF quark model, which can be clearly seen by comparing Eqs. 
SUMMARY
In this paper, we have studied the self-consistency and covariance of SLF and CLF quark models via the decay constants of pseudoscalar, vector and axial-vector mesons, as well as the P → P weak transition form factors. For the CLF quark model, the type-I and the type-II correspondence [denoted by Eqs. (28) and (32), respectively] between the manifestly covariant approach and the LF quark model have been tested in detail. The main difference between these two schemes resides in whether the replacement M → M 0 is applied only in the D factor or in each and every term in the integrand. Our main findings and conclusions can be summarized as follows:
• In the traditional type-I scheme, the CLF predictions for the decay constants of vector and axial-vector mesons suffer the self-consistency problem, which means that the results obtained via the λ = 0 and λ = ± polarization states are different from each other, due to the additional contributions characterized by the coefficient B • The CLF quark model with the type-II correspondence can, however, give self-consistent results for the decay constants, [f V, 1 A, 3 (type-II), because the integrations over terms associated with the coefficient B • For the decay constants and form factors studied in this paper, it is found that f P and f + (q 2 ) are free of the zero-mode contaminations; f V, 3 A and f − (q 2 ) always receive the zeromode contributions; but for f1 A , the existence or absence of the zero-mode contributions depend on the choice of the polarization state λ.
• • The manifest covariance of the CLF quark model is violated within the type-I scheme due to the same reason as for the self-consistency problem, but remarkably, can be recovered by taking the type-II correspondence. These two schemes are also consistent with each other in the heavy-quark limit.
The main findings in the type-II scheme mentioned above have been clearly summarized by Eqs. (77) and (78), as well as [g V,A ] λ=0,± = 0. It is expected that such a self-consistent and covariant scheme can be applied to discuss the other properties of hadrons, which will be exploited in the future.
